The nature of entanglement in many-body systems is a focus of intense research with the observation that entanglement holds interesting information about quantum correlations in large systems and their relation to phase transitions. In particular, it is well known that although generic, many-body states have large, extensive entropy, ground states of reasonable local Hamiltonians carry much smaller entropy, often associated with the boundary length through the so-called area law. Here we introduce a continuous family of frustration-free Hamiltonians with exactly solvable ground states and uncover a remarkable quantum phase transition whereby the entanglement scaling changes from area law into extensively large entropy. This transition shows that entanglement in many-body systems may be enhanced under special circumstances with a potential for generating "useful" entanglement for the purpose of quantum computing and that the full implications of locality and its restrictions on possible ground states may hold further surprises.
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entanglement entropy | quantum criticality | phase transitions | area law | spin chains E ntanglement is a type of nonlocal correlation in quantum systems that has no classical analogue and is responsible for many of the wonders of quantum mechanics as well as the building block for future applications in quantum information and computing. A fundamental question in quantum many-body physics, be it in condensed matter or in a relativistic quantum field theory context, is how much entanglement can be generated by a reasonable Hamiltonian constructed from simple local interactions. It is by now well known that generic states in the many-body Hilbert space are extensively entangled with respect to any partitioning of space (1) (2) (3) . However, most familiar states arising as ground states of known Hamiltonians are significantly less entangled and feature nonextensive entropy.
A key measure for this entanglement, called "entanglement entropy," describes the entropy in a region of space given that we lack information about any measurements outside of this region. Entanglement entropy of a quantum state is defined as follows. A state |ψ is assumed to be defined on a Hilbert space of systems A and B . Such a state can always be written in terms of a Schmidt decomposition, |ψ = i √ pi |fi A|gi B , where |fi A, |gi A are a particular basis for the possible physical states in A and in B , respectively. The pi describe the probability of system A to be in any of the states fi when no measurements are done to determine the state of system B . Entanglement entropy SA is then defined as SA = − i pi log pi , quantifying the uncertainty in the knowledge of the state of A. Entanglement scaling of a system in its ground state has an interesting, although not completely understood relation with the energy spectrum of the underlying Hamiltonian. In particular it is enhanced close to quantum critical points and thus may give us some clues about the behavior of dispersion in various systems. Another source of interest in such entropy is that lowentanglement entropy scaling is essential for our ability to study many quantum systems of interest, using conventional computational means. In most cases, numerical methods require splitting the state of the system into blocks small enough to enable calculation and then joining the small blocks together; this step relies crucially on absence of large entanglement between blocks. Thus, the scaling of entanglement entropy has been an area of intense research for the last two decades. (For a recent review of entanglement in condensed-matter systems see, e.g., ref. 4.) In many systems, entanglement entropy scaling takes the form of an area law that simply states that the entanglement entropy of a subregion A grows with the area of the boundary of the subregion rather than its volume (5, 6) . In one spatial dimension, the area law means that entanglement entropy is bounded by a constant independent of the length of the region of consideration A. For one-dimensional gapped systems, an area law was proved by Hastings (7), and an improved bound was presented by Arad et al. in ref. 8 . Whereas an area law has been shown to apply to a wide variety of gapped systems (e.g., ref.
9), violations of the area law in the ground state of gapless phases have been illustrated in several systems. For example, (1 + 1)d critical systems often exhibit a logarithmic violation of the area law, which include conformal field theories (10-12) and some integrable and disordered spin chains (13, 14) , whereas Fermi liquids (15, 16) exhibit logarithmic violation of the area law in any dimension. In one-dimensional systems, even more severe violations of the area law have been recently exhibited (17) (18) (19) (20) (21) (22) .
Here we set out to establish a special kind of quantum critical regime and transition, where entanglement scaling violates the area law in the largest possible way. In particular, our critical regime is unlike any of the more commonly studied critical points described by conformal field theory. We find a family of spin-s chains, depending on a continuous parameter t that are frustration-free, nondegenerate, and translation invariant in the
Significance
One of the main quests of many-body physics and quantum information is to understand various quantum phases and in particular the entanglement present in them. In this work we have uncovered a unique, physically transparent quantum phase transition in a spin chain where entanglement entropy itself jumps from low scaling, most typical for gapped models and short-range correlations, to a critical phase where the scaling exhibits an extraordinary amount of entanglement. This discovery pushes the boundaries of a possible range of nonlocal quantum correlations displayed by local Hamiltonians and opens a door to fundamental and practical questions about the interplay of entanglement and locality in manybody systems. bulk, with exactly solvable ground states. The entropy behavior is depicted in Fig. 1 : For s > 1, we find a phase transition from the maximal scaling violation of the area law (i.e., volume scaling) into no violation at all (i.e., bounded entropy), whereas for s = 1, the model exhibits a transition between two phases with bounded entropy.
The basic idea of generating a highly entangled state is simple and illustrated in Fig. 2 . Consider a vacuum that is perturbed by an electric field that is strong enough to excite electron-positron pairs from the vacuum. The pairs are created as entangled by their spins and due to the electric field are spatially separated, carrying the entanglement with them. This type of a highly entangled state is sometimes referred to as a "rainbow" state. These are a simple type of cluster states that feature pairs of correlated spins spatially separated about a middle point. In Vitagliano et al. (20) and Ramirez et al. (21) it has been shown that such states can exist as ground states of spin 1/2 chains, albeit with highly tuned coupling constants that are deformed exponentially from uniform couplings. A state of this type was proposed in ref. 23 for entanglement between photon modes in a laser cavity and has been recently experimentally demonstrated in a quantum optical frequency comb (24) .
Our model is inspired by the model of Movassagh and Shor (17) and is a deformation of their Motzkin model with a parameter t, where t = 1 is the Movassagh-Shor point. In this model the ground state of a spin-s chain consists of a superposition of colored Motzkin paths (described below). They demonstrate that for s > 1, the entanglement entropy of half a chain Sn scales as √ n, where 2n is the number of spins. The uncolored case, s = 1, was introduced earlier in ref. 25 , where it was shown that Sn scales logarithmically, Sn ∼ log n.
Motzkin walks are a type of discrete paths that start from a given height and get back to this height without ever going to a lower point. Such walks can be mapped into spin configurations by interpreting an "up" step as a spin pointing up (say in thê z direction), a "down" step as a spin pointing down, and a flat step as a zero spin. On a chain of 2n spins, Motzkin walks are spin configurations obeying Fig. S1 ). Loosely speaking, adding color means that a similar condition is satisfied for each "color," lead- ing to further correlations between the two sides of the spin chain. Adding the color degree of freedom is the main ingredient that allows for the enhanced entropy scaling compared with the uncolored model: The uniform superposition of Motzkin walks may be considered as a type of Brownian walk on a half space, whose typical displacement after n steps (i.e., in the middle of the chain) is, therefore, √ n. There are roughly s √ n independent colorings for such a path that must be matched between the two halves of the walk, giving us the entropy Sn ∝ √ n. Our construction to increase/decrease entanglement entropy starts with the observation that Motzkin paths that reach a substantial height in the middle of the chain can contribute significant color correlations between the chain halves. The idea is illustrated in Fig. 3 . Such a maximally tall mountain corresponds to a rainbow state for the colors. In an analogue to the particle picture described before, to get such a state we have to change the Hamiltonian so that the up moves in the chain would be attracted to the left boundary of the chain whereas the down moves would be attracted to the right boundary.
Remarkably, a suitable wave function containing a superposition of colored Motzkin paths that prefers steep paths can be obtained as a frustration-free and nondegenerate ground state of a Hamiltonian that is translational invariant in the bulk. Unfortunately, none of the ingredients in this statement are immediate. A generic change of the Hamiltonian presented in ref. 17 may very easily break either frustration freeness or the nondegeneracy condition and, in general, will not increase entanglement. Moreover, we need to verify that we can do so in a way that the weight of these high paths is large enough to overcome the contribution from more typical Brownian paths that reach height √ n at the middle of the chain (typical "Brownian" paths of a colored Motzkin walk can be substantially more numerous even when counting possible colorings, at least for t 2 < s). Indeed, our model, the uniform superposition of the Motzkin walks in the models of refs. 17 and 25, is replaced by a weighted superposition where the amplitude for a particular Motzkin walk is t area under the path . Thus, higher paths are either exponentially preferred when t > 1 or suppressed when t < 1. A caricature of the resulting ground state is shown in Fig. 4 .
The Hamiltonian and Its Ground State
It is convenient to denote the local 2s + 1 single-spin states as |u s , .., |u 1 , |0 , |d 1 , .., |d s , where |u k , |d k represent up and down Motzkin moves of color k = 1, ..s and |0 represents a flat move. Our Hamiltonian, defined on a chain of 2n sites, is given by where Πj (t), Π cross j act on the pair of spins j , j + 1. Here
Here Π cross j implements the colored Motzkin constraints. Φ k , Ψ k , Θ k are the following states on pairs of neighboring spins:
The role of the parameter t in the projectors Πj is to ensure that in the ground-state superposition up states |u k of a given color k appear preferentially on the left whereas down moves |d k appear on the right. With these definitions, our spin-chain Eq. 1 has a unique zero energy ground state (GS)
where A(w ) denotes the area below the Motzkin walk w , and N is a normalization factor. That the eigenstate has zero energy also shows that the Hamiltonian is "frustration-free"; in particular, verifying that |GS is indeed a GS is easy and can immediately be done by checking that each of the projectors appearing in Eq. 1 individually annihilates the state. The interested reader can see a detailed explanation of the uniqueness of the GS in A Frustration-Free Deformation. We note that there is a larger set of possible ways of choosing the deformation parameter t in the model, of which we chose the simplest one (it is possible to independently choose t for the different states in Eq. 2, provided they satisfy certain conditions detailed in Fig. S3 ).
The Entanglement Entropy
The remarkable phase diagram of the model, Fig. 1 , is summarized in the following theorem:
The entanglement entropy, Sn , of half a chain in the state |GS above satisfies
The special point t = 1 is described in refs. 17 and 25. In the colored model, the family features an exotic phase transition between volume and boundary entropies with transitions through a √ n area law violation that has an intuitive interpretation in terms of Motzkin paths.
To establish the entanglement scaling above, we note that in the Schmidt decomposition of the ground-state Eq. 3, the coloring of the unpaired spins in the second half of the system is completely determined by those in the first half (Fig. 3) . The Schmidt decomposition is written as
where |Ĉp,q,x is a weighted superposition of states in {0, u 1 , . . . , u s , d 1 , . . . , d s } n with p excess down moves, q excess up moves, and a particular coloring x of the unmatched up moves, such that GS |(|Ĉ0,m,x 1..n ⊗ |Ĉm,0,x n+1..2n ) = 0, and x is the coloring in the second half of the chain that matches x . The decomposition gives the Schmidt number pn,m (s, t) =
, with
Here Dn,m,i = "first half of Motzkin walks with i paired spins stopping at (n, m)." Note that the extra factor of 2 in the exponent of t is there so that the |Ĉp,q,x and |Ĉp,q,x form an orthonormal basis. The entanglement entropy of the half chain in the GS is given by
To study the asymptotic scaling of Sn (s, t) with the system size when t = 1, we note the following recursion relations of Mn,m as a function of m:
These can be easily seen from the possible ways to arrive at a particular destination and the increment of the area below each path as illustrated in Fig. 5 . Eq. 9 is valid for 0 < m < k . Starting from the seed value M0,0 = 1, by using the recurrence relations repetitively, we can calculate the values of Mn,m and Schmidt numbers for any m and calculate the entanglement entropy Sn . We find that for t > 1, M (n, m) and pn,m are sharply peaked with m ∼ n indicating that "high Motzkin" paths are dominating the distribution. In this case we have 
Related Work
Several significant works on spin chains have achieved volume scaling of entanglement entropy (18) (19) (20) (21) . These advances necessitated trading off translation invariance, the nondegeneracy of the GS, or using a particularly large number of states per lattice site. Our model is unique in achieving a controlled and intuitively transparent phase transition between volume scaling of entanglement entropy and bounded entropy while simultaneously preserving bulk translation invariance and uniqueness of the GS. The first model exhibiting volume scaling of entanglement entropy in a 1D spin-chain model was introduced by Irani in ref. 19 . This model is frustration-free and translation invariant and achieves linear scaling of entanglement entropy on some regions of the spin chain; it does so at the expense of having a particularly large local Hilbert space dimension of d = 21. Independently, Gottesman and Hastings (18) In this context, it is important to point out that, as shown in ref. 27 , there are three distinct regimes for Hamiltonians of 1D spin chains whose terms are generic local projectors of fixed rank r : (i) When r > d 2 /4, the Hamiltonian is frustrated for sufficiently large spin chains and analytical as well as numerical work showed that no zero-energy GSs exist; (ii) a regime where
2 /4 where many zero-energy GSs are allowed analytically and where numerical investigation suggests that they all carry a large amount of entanglement; and (iii) a frustrationfree regime with r < d where the GSs can be represented by a matrix product state. The Motzkin path-based models first introduced in ref. 25 and later with the addition of color in ref. 17 represent a particular case where the Hamiltonian turned out to be frustration-free for r = d = 3. For this reason, the authors in ref. 25 pointed out that arbitrarily small deformations of the projectors in the Motzkin path Hamiltonian will make it generic and thus throw its GS into the frustrated regime. In the model presented here, however, we derive an equation that relates the weights of local moves at different sites of the chain so that the local projectors deform in such a way that frustration-freeness of the Hamiltonian is maintained.
Final Remarks
In this paper we have established a unique type of phase, exhibiting extensive entropy as well as an associated quantum phase transition. One immediate question that comes up is how unique is this phase? It turns out that we can apply the ideas presented herein, i.e., searching for quantum phase transitions associated with frustration-free deformation, into other interesting frustration-free models. In particular, the Fredkin model of ref. 22 is directly amenable to an analogous deformation, where Dyck paths are weighted rather than Motzkin paths to obtain volume scaling of entanglement entropy. Inspired by the present work such a deformation is presented in refs. [28] [29] [30] . Other important questions include the search for translationally invariant Hamiltonians with similar properties: How, to get rid of the boundary terms while leaving the Hamiltonian frustration-free and nondegenerate, is it possible to use periodic boundary conditions? It is also of interest to explore whether there is a way to make the entanglement entropy scale with a larger linear coefficient. More precisely, for t > 1, we find that Sn ∝ log( The scaling of the spectral gap with the length of the chain is an important quantity that indicates how fast the system becomes gapless in the thermodynamic limit. It has been shown in ref. 17 that the spectral gap for the colored Motzkin path model has an upper bound that scales as O(n −2 ) and a lower bound that scales as O(n −c ), where c > 1. In our model, entanglement entropy is enhanced and we expect the upper bound of the spectral gap to scale even faster. In fact, for t > 1 the gap closes unusually fast, at least as O(t −n 2 /3 ) (31). In addition, it is likely that our system opens a gap in the region where the entropy is O(1). However, this conjecture requires a separate treatment (the entanglement entropy being bounded does not imply that the Hamiltonian is gapped).
Entanglement is the key ingredient in many applications of quantum mechanics, in particular for quantum computing. Is it possible to use such enhanced entanglement scaling for potential applications? It is not clear at this point: The very small spectral gap suggests that if a spin chain with the properties we described is created, it will be highly sensitive to temperature variations. For this reason it would be crucial to study thermodynamic and dynamic properties of the model and characterize the nature of the new quantum critical phase and its transition.
